In supersymmetric SO(10) with large tan β and Yukawa coupling unification λ t = λ b = λ τ , we compute the rates for lepton flavour violating processes. Experiments in progress or foreseen for µ → eγ, µ → e conversion (and the dipole moment of the electron) are shown to provide very significant tests of the theory for all slepton masses up to about 1 TeV.
Introduction
The possibility to understand the rationale of the quantum numbers of quarks and leptons strongly supports the view of a local symmetry larger than the standard model one, relevant at, or close to, the Planck scale. In this context, a phenomenologically very relevant question arises: is this larger symmetry already present in the field theory which emerges below the Planck scale and describes all the interactions but gravity? Indeed, the measured values of the standard model gauge couplings seem to favour the possibility of an intermediate stage of gauge-unification, around M G ≈ 2 · 10 16 GeV. The exploration of all possible signals of such unification acquires therefore a great significance. Among these signals, one which is especially relevant in the case of supersymmetric unification, is the violation of lepton flavour [1] .
Soon after the first formulation of phenomenologically viable supersymmetric models, it was realized that, in absence of lepton flavour conservation, a generic slepton mass matrix would give rise to uncontrollably large lepton flavour violations (LFV) [2] . Without a theoretical guideline, it is however virtually impossible to make a reliable prediction for the corresponding rates. On one side the mixing angles in the leptonic sector are unknown; on the other side, and even more importantly, there is in general no control of the amount of non-degeneracy in the slepton masses, which is essential to undo a GIM-like cancellation in the relevant amplitudes. For leptonslepton mixing angles of the order of the Cabibbo-Kobayashi-Maskawa (CKM) ones, theẽ andμ sleptons must be extremely degenerate [2, 3] in order not to exceed the experimental upper bounds on LFV processes, while a O(1) splitting between theτ and the other sleptons may be acceptable. To avoid a dangerous non degenerate sfermion spectrum, a flavour universality hypothesis was made on the soft SUSY breaking terms. Moreover, this hypothesis has been made plausible in some models, for example when SUSY breaking is communicated to observable fields by gravity [4] . In this case the universality holds at the Planck scale.
Remarkably enough, a controllable source for flavour non-universality is present in minimal supersymmetric unified models, as pointed out by Barbieri and Hall [1] . When the SUSY breaking parameters evolve to low energy, their universality is lost if non flavour-universal couplings are present. A significant splitting between thẽ τ mass and theẽ andμ ones is induced by the top Yukawa coupling (and, possibly, the other third generation couplings). As a consequence, the rates for LFV processes can be predicted in the usual parameter space of the MSSM. As found in [5] , these rates are of key interest as tests of supersymmetric unification.
The hierarchy between the third generation fermion masses can be interpreted as a hierarchy between their Yukawa couplings. In this case λ τ cannot influence significantly the sleptons masses and the resulting LFV rates were computed in [5] . It is the purpose of the present work to extend this analysis to theories where the t/b, τ splitting is instead attributed to a hierarchy between the vacuum expectation values of the two Higgs doublets, or, in the usual language, to a large tan β ≡ v u /v d ∼ m t /m b . This possibility is particularly interesting since it allows for a SO(10) GUT where not only the gauge couplings but also the third generation Yukawa couplings unify at M G [6, 7] . In this paper we compute, in the large tan β region, the minimal amount of flavour violations that in a wide class of supersymmetric unified models we expect to be transferred from the hadronic to the leptonic sector by the unified third generation Yukawa coupling.
In section 2 we present and motivate the model in which we calculate the lepton flavour violations. We explain in which sense this model gives the minimal amount of lepton flavour violating effects we expect to be present in a general class of unified models. In section 3 we show how the well known problems of the large tan β region are solved by an unification scale D-term contribution to the soft SUSY breaking masses, which also fixes the main features of the spectrum. In section 4 we show our predictions for the lepton flavour violating processes, and in section 5 we discuss how they are expected to be modified in more general models. In appendices A and B we give and solve the renormalization group equations (RGEs) above and below the unification scale.
The technical problem is that now, below the unification scale, also the tan β enhanced τ Yukawa coupling contributes to the intergenerational slepton mass splitting -this is discussed in appendix B. This coupling also gives some reduction of the lepton-slepton mixing angles, both in the left and in the right sector. Appendix B.3 is devoted to this computation.
The fundamental problem is that now, above the unification scale, all the Yukawa couplings necessary to give mass to the light fermions, may also induce lepton-slepton mixing angles. We cannot say anything about them, without understanding the dynamical mechanism that generates the light generation Yukawa couplings. However, if we insist on computing only the 'minimal' effects, we may (and we shall) assume that the main consequence of renormalization effects above the unification scale consists in making the third generation sfermions in the Ψ 3 lighter than the other ones, without generating non-diagonal entries in the slepton mass matrices.
In this case the lepton-slepton mixing angles only come from the lepton Yukawa coupling matrix, and we have to connect them with the CKM angles. These angles, which measure the misalignment between the up and the down quark angles in the left sector, are the only experimentally accessible angles below the Fermi scale. We will again assume, as in the previous analyses, that the down-quark and lepton Yukawa matrices are equal at the unification scale. However the mixing angles in the down-quark Yukawa matrix may now only be a partial contribution to the measured CKM ones, with the other contribution coming from a non diagonal up-quark Yukawa matrix. The unknown up-quark mixing angles, if comparable in size to the CKM ones, could generate an electric dipole for the u quark giving in this way a contribution of the same order of the d quark one to the neutron electric dipole moment. Due to the larger mass hierarchy among the up-quarks, it looks however more likely that the mixing angles in the up sector be smaller than the ones in the down sector. We stick to this simplifying hypothesis in the following, postponing to section 5 a discussion of how we may expect the mixing angles to be distributed between the up, the down and lepton Yukawa coupling matrices.
We can now summarize the additional hypotheses that complete the description of the model. At the unification scale, in the supersymmetric basis (in which there are no flavour violations at the gaugino vertices) 7. the sfermion mass matrices are flavour-diagonal, that is
The expressions for these masses in term of the universal soft breaking parameters at the Planck scale are given in Appendix A;
8. the down and lepton Yukawa coupling matrices λ d and λ e , equal and symmetric, are the only non flavourdiagonal matrices present in the theory.
With these assumptions we are now ready to start the actual calculations. We will however first recall the constraints on λ G , the common value of the third generation Yukawa couplings λ t , λ b and λ τ at the unification scale. This parameter plays a crucial role in the determination of the LFV rates. We fix the tan β value as a function of λ G by requiring the τ mass m τ to have its measured value
where v = 174 GeV and η τ = 0.986 is the QED renormalization for the τ mass between m τ and the Z-pole. It is interesting to compute the reduction in the α 3 (M Z ) value in the MS scheme, as predicted from gauge coupling unification, due to the Yukawa terms in the two loop RGEs between the Fermi and the unification scale. This is shown in fig. 1 , where the α 3 (M Z ) reference value in the case of zero Yukawa couplings is the one obtained with all the unknown threshold and gravitational corrections [8] set to zero and with the input values of the electroweak couplings used in [9] . We see that, for O(1) values of the top Yukawa coupling at the unification scale, in the large tan β region this effect gives a reduction in the predicted α 3 (M Z ) of order of its present 1σ experimental error; this reduction becomes three times smaller for moderate values of tan β. The third generation unified Yukawa coupling λ G is a very important parameter for lepton flavour violations too. There exist two almost equivalent upper bounds on it. The maximum value that λ G can assume without developing a Landau pole below the Planck scale at 2.4 · 10 18 GeV is around λ G < ∼ 1.4. The second upper bound arise from the correct electroweak symmetry breaking requirements, that we will discuss in the next section. There are also two lower bounds on λ G . To obtain a top quark mass in the CDF range [10] , λ G > ∼ 0.5 is needed [6, 7] . In this case all the third generation Yukawa couplings at the Z-pole are greater than about 3 / 4 of their maximum possible values ("InfraRed fixed point "), which are, for α 3 (M Z ) = 0.121, This gives a tan β value in the range 45 ÷ 60.
To predict the correct value of the b/τ mass ratio even higher values of λ G seem indeed to be necessary. There may be a conflict between this requirement and the upper bounds previously mentioned. One should not forget, however, the various uncertainties that can affect the b/τ mass prediction:
• sizeable dependence on the value of α 3 (M Z ) in the range 0.110 ÷ 0.125;
• tan β enhanced one loop quantum correction to the bottom mass [7] ;
• second-third generation mixing contribution to the b and/or τ masses [11] ;
• mixing between third generation particles and other heavy ones, induced by SU(5)-breaking vacuum expectation values [12] ;
• a possible right-handed tau neutrino Yukawa coupling effect in the RGEs, if its mass is lower than the unification mass as cosmological and phenomenological considerations may indicate [11, 13] .
For these reasons, in the following, we will avoid to impose a correct b/τ mass ratio, and neglect all the problems related to it.
3 Structure of the allowed parameter space
In this section we will discuss for which values of the SUSY breaking parameters it is possible to obtain a phenomenologically acceptable theory. The reader may want to skip this section and jump directly to the following one, where we present the predictions on the µ → eγ branching ratio, that constitute the principal aim of this paper. It is well known that the price we have to pay in order to have Yukawa unification, is the need to fine tune the parameters which determine tan β and M Z through the minimization conditions of the MSSM potential
In the large tan β region these equations become
The first minimization condition requires µ and/or B to be much smaller than the pseudoscalar Higgs mass m
. Since B gets sizeable renormalization corrections from the trilinear A-terms and from the gaugino masses (see appendix B), and m 2 A is generated from the SUSY breaking scalar masses, the best way to satisfy the large tan β condition in (3.2) with the minimal amount of fine tuning is to restrict our analysis to the case where the scalar masses are the dominant soft SUSY-breaking parameters [7, 13] .
The problem is that, since the RGEs for µ 2 u and µ 2 d are similar and the two Higgs doublets come from the same SO(10) multiplet, it is difficult to reconcile the two requirements that
• µ 2 u must be negative to break the electro-weak gauge symmetry as in (3.2), while
• µ 2 d must be positive enough so that the squared pseudoscalar Higgs mass is positive. This conciliation is impossible if we assume that the only relevant soft SUSY breaking term is an universal scalar mass m 2 0 , either at the unification scale [7] , or at the Planck scale. In these cases the renormalization effects may indeed induce a small difference between the two Higgs squared masses, but only in the bad direction µ [14] . All these corrections would however introduce new uncontrolled uncertainties. The best solution is given by the well known fact that, at the scale where the rank of the gauge group is reduced by spontaneous breaking, possible additional contributions to the soft SUSY breaking scalar masses arise from the D-terms associated with the broken diagonal (Cartan) generators. These contributions are generated whenever the soft SUSY-breaking masses of the fields whose vacuum expectation values reduce the rank of the group are different.
In the SO(10) these corrections modify the matching conditions at the unification scale in the following, very precise, way:
where m 2 X is the only additional parameter. These corrections enter the RGE equations from the unification scale to the Fermi one in a very peculiar way (see appendix B):
• these new m 2 X contributions and the old usual SUSY breaking parameters evolve in an independent way; • in a very good approximation the U(1) X D-term corrections to the masses are not renormalized.
We now explain how all the main features of the low energy spectrum emerge in a very clear way from the analytical approximation presented in appendix B.2. The full numerical calculation is only necessary to get the details.
The low energy Higgs mass parameters may be written as > 0. This is because the squarks get positive corrections to their masses from the gluinos, corrections that are bigger than those that the other gauginos give to the slepton masses.
Let us first understand these bounds in the limit where the soft scalar masses, parametrized by m fig. 2 , from which we can see that, in this limit, the allowed area closes at λ G ≃ 1.2. In fig. 2 we have also shown the predicted value for the mass ratio assuming universality at M Pl
.
It is now easy to understand what happens when we turn on small non zero values for the other SUSY-breaking parameters. This is the case we are most interested in. We fix the universal scalar mass at some high value, for example imposing m This behaviour may be seen from the LFV plots in fig. 3 , in which the full numerical solutions have been employed. Its features can also be understood from the analytic approximation. The dashed area corresponds to the excluded region. The lower m > 0 border is almost parallel to it is not an accident and, again, is easily understood from the analytic approximation. The reason is that the dependence on the gaugino mass and on the µ term of the doublet slepton mass is dominated by the −3m ΦG ratio, the strip starts from zero values of M 2 and µ. In the most interesting region, λ G ∈ 0.6 ÷ 1.1, the predicted ratio is somewhat high, and the strip starts from a non-zero value of |µ| (typically |µ| > ∆ ∼ mẽ R /5); in the remaining case λ G > ∼ 1.1 a non-zero value of M 2 will be instead necessary.
Leptonic flavour violations
Let us briefly recall from [5] the main structure of the lepton flavour violations.
The most significant observables are the µ → eγ decay, the µ → e conversion in atoms and the electric dipole moment d e (included in the list together with the genuine lepton flavour violations because generated by the same mechanism [15] ).
In SO ( 
where p L = 1 and p R = 2. The dominant constraint is today given by the µ → eγ decay, for which, at present, B.R.(µ → eγ) < 4.9 · 10 −11 [16] . The experimental study of µ → e conversion, currently limited by C.R.(µ → e in Ti) < 10 −12 [17] , may undergo a very significant progress in the near future [18] . For large values of the CP violating phase ϕ, the bound on the electric dipole moment of the electron, |d e | < 4.3 · 10
−27 e · cm [19] gives the same restriction in parameter space as µ → eγ.
The dominant amplitude F , given by Feynman graphs containg both left-handed and right-handed sleptons 6 , is proportional to the left-right slepton mixing term in the Lagrangian, which gets contributions proportional either to the A-terms or to µ tan β. In view of tan β = 45 ÷ 60, we assume that µ tan β ≫ A and we consequently neglect the A-terms contributions 7 . We are also neglecting LFV mediating diagrams which employ only righthanded (or left-handed) sleptons because of a (m µ /m τ ) suppression factor [5] . One may wonder whether this is plausible since, due to the U(1) X D-term, theτ L may be significantly lighter than theτ R . But these graphs are indeed negligible because the graphs with left-right slepton mixing have an additional enhancement factor tan β. It is therefore possible to approximate the amplitude with
where 
In this equation N n , n = 1, . . . , 4 are the four neutralino mass eigenstates, of mass M Nn , related to the bino and the neutral wino byB =
So, the only low energy parameters on which F , and consequently the LFV processes, depend are
• the lepton-slepton mixing angles;
• the µ parameter and the neutralino masses. Using the GUT relation
, all the neutralino masses may be computed in terms of M 2 and µ, that we take as free parameters; the sign of µ turns out to be an irrelevant parameter in almost all of the parameter space.
• the slepton masses: for a given value of the right-handed selectron mass the other slepton masses may be computed as function of mẽ R , M 2 , µ, and of the top Yukawa coupling via the Planck-scale universality hypothesis. We forget the weak dependence on the A-terms.
We present now the contour-plots of the B.R. > 0 (dot-dashed line). The bound at small M 2 (dotted line) is obtained by requiring the charginos to be heavier than 45 GeV. The plane is also restricted to values of M 2 and µ lower than mẽ R for which the necessary fine-tuning is less severe.
Let us now comment on the dependence of the LFV rates on the top quark Yukawa coupling. Its role consists in giving rise to a splitting between theτ andẽ,μ masses proportional to λ 2 tG . This splitting is essential to undo a GIM-like cancellation in the relevant amplitudes. In SO(10) unified models we expect that the LFV amplitudes increase as λ 4 tG , since the dominant LFV-mediating Feynman graphs are zero unless the non-degeneracy is present in both the left and in the right slepton sector. However, as discussed in the previous section, in the large tan β region the parameter space closes around λ G ≈ 1.2, when the Higgs pseudoscalar, the right-handed sbottom and the left-handed stau become too light. For this reason the left-handed stau is generically lighter for larger values of λ G . This give rise to a dependence of the LFV rates on λ G stronger than the naive expectation. This can be seen in fig. (4) , where the B.R.(µ → eγ) is plotted as function of λ G for mẽ R = 1 TeV and for various spectra of the supersymmetric particles with µ < 0.5 TeV. The loop integral F turns out to be roughly proportional to λ The rates for the other interesting LFV processes may also be easily deduced from the graphs, since they are connected to µ → eγ in the following way:
For other values of the right-handed selectron mass than the one considered, the factor F scales as (1 TeV/mẽ R ) 2 . The main result is that, in the large tan β region, the present experimental limits on LFV already constrain in a significant way the parameter space. More importantly, the experiments in progress and/or foreseen will be able to probe the theory up toẽ andμ masses of about 1 TeV in all of the significant region of the remaining parameter space.
More general and realistic models
In this section we discuss the problem of how we may expect the mixing angles in the lepton Yukawa coupling matrix to be linked to the measured CKM angles by unification physics.
We assume, as explained before, that at the unification scale all the significant flavour violating terms are contained in the three Yukawa coupling matrices λ a , where a = {u, d, e}, defined by
In order to find the physical flavour-violating angles, we parametrize the Yukawa coupling matrices in the usual way
and rotate the fermion fields to their mass eigenbasis. Other than the quark-squark mixing angles and the CKM angles, given by V = V u · V d † , we are left with the lepton-slepton mixing matrices at the gaugino vertices
with, in the left sector V eL = U e and, in the right sector
In models where the up-quark Yukawa couplings are not unified with those of the down-quarks and of the leptons (because either the fermions or the two Higgs doublets are not contained in a single representation of the unification gauge group) the only problem is to find the link between λ e and λ d . In fact, due to the sufficiently large flavour symmetry, the up-quark Yukawa matrix may be diagonalized at the Planck scale, so that the CKM mixing angles are entirely contained in λ d . In this case the only problem is to connect the lepton mixing angles with the down-quark ones.
In our SO(10) model, where also the up-quark Yukawa matrix is unified with the down-quark and lepton ones, the up-quark mixing angles can not be freely rotated away and give rise to uũ flavour mixing matrices at the gaugino vertices. So, the full unification of the Yukawa couplings poses the further problem of separating the contributions to CKM mixing angles from the up and the down quark mixing matrices. However the full unification also allows for more predictions in the Yukawa sector. This issue has already been studied. In particular, some work has been done in trying to discover phenomenologically acceptable textures of the Yukawa coupling matrices which can be justified by the physics at the unification scale. The aim of these works [20, 21] consists in studying whether unified theories may be predictive in the flavour sector. For this reason, textures with a minimal number of non zero entries were constructed, which can accommodate the observed spectrum of lepton and quark masses and CKM mixing angles in terms of a reduced set of free parameters. Since we are assuming that the sfermion mass matrices at the unification scale are diagonal but not flavour degenerate, these textures give us also a prediction of how the CKM angles are connected with the angles in the leptonic sector which give rise to the LFV processes.
Of some interest are textures of the form [21] 
where λ G , B, C and E are free parameters (E may be chosen as the only complex one; C u , not relevant for our considerations, may be given by a different operator than C, or it may be linked to it by C u = − 
, the Clebsh factors which multiply the rates for the LFV processes are
In the nine possible cases for the '23' operator the values of the Clebsh correction factors for the µ → eγ and µ → e rates range around one in the interval 10 −1 ÷10 with the exception of two models in which they are around 10 ±2 . The constant suppression factor, 1/9, due to the Georgi-Jarlskog factor [20] is generally compensated by the other factors. For the electric dipole moment of the electron the Clebsh correction factors range from 10 −1 ÷ 1. At least based on the examples considered, we conclude that neglecting all Clebsh factors (assumption 8. of this paper) gives, with an uncertainty of one order of magnitude, a correct estimate of their effects in the LFV rates, and probably a slight over-estimate of the electric dipole moment of the electron by a factor 3.
Conclusion
In supersymmetric theories with no conservation of lepton flavour, processes like µ → eγ, µ → e conversion or similar may play a very important role. We have computed the rates for lepton flavour violating processes in a supersymmetric SO(10) model with large tan β and Yukawa coupling unification λ t = λ b = λ τ . These rates are the minimal ones we expect to be present in more general gauge and Yukawa unified models. The main result is that, in the large tan β region, the present experimental limits on LFV already constrain in a significant way the parameter space. More importantly, the LFV experiments in progress and/or foreseen will be able to probe the theory up toẽ andμ masses of about 1 TeV in all of the significant region of the remaining parameter space. 
where the index g = {1, 2, 3} runs over the generation number, R runs over the scalar fields of the MSSM and Y R is the hypercharge of the representation R. The values of the numerical coefficients b i and c i are given in table 1 while Z Ra is the coefficient of the contribution from the Yukawa coupling λ B.3 Evolution of the lepton-slepton mixing angles below the unification scale
The lepton-slepton mixing may be described by two matrices of physical mixing angles, (V L ) eiẽj and (V R ) eiẽj , that, in a supersymmetric basis (where the lepton-slepton-gaugino interactions are flavour blind) of sleptons mass eigenstates measure, respectively, the different orientation in flavour space between the left (right) slepton mass matrix and the left (right) part of the lepton Yukawa coupling matrix λ e . In the calculations we have employed a non supersymmetric physical basis of mass eigenstates for both the leptons and the sleptons. In this case the LFV mixing matrices appear at the lepton-slepton-gaugino vertex.
To consider their evolution it is better to employ a supersymmetric basis in which the lepton Yukawa coupling matrix is diagonal. Then it will remain diagonal throughout renormalization. This is due to the fact that if there are no LFV at the unification scale, the large λ τ Yukawa coupling may render theτ 's lighter than the other sleptons, but does not generate LFV. The evolution equations for all the small non-diagonal elements δm suffer also a reduction due to the increase in mass difference between theτ s and the other sleptons. However this is compensated in physical effects by the reduced mass of the stau leptons.
